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Abstract 

We use the singular manifold method to obtain the Lax pair, Darboux transformations and 
soliton solutions for a (2+1) dimensional integrable equation. 



1. Introduction 

The equation 

1 1 1 r 

V>xt ~\~ ~~^xxxy 'U'x'U'xy ~\~ "^^xx^y ~7 J UyyyUX — (!•!) 

obtained by Bogoyavlenskii in Q, has been recently rederived as a (2+1) dimensional reduction of 
an equation which pretended to be a (3+1) dimensional generalization of the potential KP equation 



, MM- 



This equation is integrable in the sense of having the Painleve property 12]. We can write 
equation (1) in a more appropiate way as the system 



'x 



= Uy — J 

1 t 1 1 

— U x t + —Uxxxy ~i~ U x U X y + ~U X x'^y ~7™yy v ) 
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2. Singular Manifold Method 
2..1 Leading term analysis 

The Painleve property for this equation means that all solutions of (2) can be expanded as a gen- 
eralized Laurent expansion in the neighbourhood of the manifold of movable singularities x(a;,y,t) 
which is an arbitrary function. This expansion should be |1C] 



oo 



u(x,y,t) = J2uj(x,y,t)x{x,y,ty a , m(x,y,t) = J2m j (x,y,t)x(x,y,ty 13 (2.3) 

3=0 3=0 

where the Uj and rrij are analytical functions of x, y and t in the neighbourhood of x = 0. The 
leading term analysis yields: 

a = (3 = 1 u = 2xx rn = 2x y (2.4) 
2. .2 Truncated expansions. Backlund transformations 

The singular manifold method requires the truncation of expansions (3) at the constant level j = 1 
[ O ] . This implies that the manifold of movable singularities x is no longer an arbitrary function but 
it has to satisfy some equations, called the singular manifold equations, that we will see later on. 
Due to this fact, we denote this manifold as 4> and call it the singular manifold in the sense that 
it is singularized by the truncation condition. The truncated solutions are then 

u ' = n + ^, m ' = m + ^h. (2.5) 

Substitution of (5) in equation (2) provides us a polynomial in <f>. Setting to zero the coemcents of 
this polynomial we find that u and m must be solutions of (2), which means that eqs. (5) can be 
considered a Backlund transformation between two solutions of (2). 

2. .3 Expression of the solutions in terms of the Singular Manifold 

From the coefficients of the polynomial in <j) we obtain 

u x = ~\pI + \v y - \v x - ^v 2 + h(y, t), (2.6) 
u y = -2w - v y - p x p y - 2p x h(y, t) (2.7) 
m y = -2 Pt - p xxy - ^p 2 xx + p\p y - ^p 2 y - p xy v - p x p xx v 

- \p 2 x v 2 + 2wp x + +2p 2 x h{y, t) - 2 Py h{y, t) (2.8) 



where h(y, t) arises from an integration in x and v, w and p are defined in terms of the singular 
manifold as 

4>xx <t>t 4>y , n nA 

v = — , w = —, p x = -f- (2.9) 

<Px Px Px 
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2.. 4 Singular Manifold Equations 

From the compatibility conditions between definitions (9) we obtain the following generic equations 

<t>xxt = 4>txx => V t = {W x + VUj) x 
4* xxy — 4'yxx '* Vy — {j>xx ~i~ ^Px)x 

4>yt = 4>ty => Pxt = Wy + Wp xx - p x W x (2.10) 

Moreover, taking the cross derivatives of (6) and (7)(u xy = u yx ) we have 

f Pxxx + 4w + 2p x p y + p x I v x - — j + ^p x h(y, t) ) + 



X 



1 2 — .A / V 



2 



+ [Py ~ ^Px + 2%, t)j + Pxx \v s - — J = (2.11) 
The set (10-11) constitutes the Singular Manifold Equations. 

3. Lax Pair 

3..1 Painleve Analysis on the singular manifold equations 

The singular manifold equations (10) and (11) can be considered as a system of non-linear coupled 
PDE's in v, w and p and we can perform the Painleve analysis over them. It's not difficult to see, 
following the same procedure as in the previous section, that leading term analysis in the singular 
manifold equations yields the truncated expansions: 

„ _ v£ , C „ _ ^ r x i>y % _ i>t 4>r ,* m 

V ~i^ + 4F' Px ~iF Py ~iJ+ iF' Pt ~iF iF [6A2) 

where we have two singular manifolds tfj + and because the Painleve expansion has two branches 
{§], |J. Taking the t and y derivatives of eqs. (12) and using (10) to integrate them in x we have 

w x + vw = ^- + ^, Pxx + v Px = ^- + ^ (3.13) 
Moreover, integration of (12) yields 

^ = V + ^", <h = ^~~^x (3-14) 
These equations allow us to obtain the singular manifold <j> from the eigenfunctions ^ + an d ip~ ■ 
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3. .2 Linearization of the singular manifold equations: Lax pair 

From (12) and (13) we can easily obtain, with the help of (6)-(8), the spatial part of the Lax 
pair: 

+ K - h)ip+ - ip+ = o 

+ ( u x - h)^~ + ip~ = (3.15) 

where h(y, t) is the spectral parameter. 

The temporal part of the Lax pair can be obtained by combining equations (12)-(14) with 
(6)-(8) in order to eliminate w from them to obtain: 

0"t + + \^yy ~ \ (U x y - THy - 2tl y ) 1p + + + Hy = 

-\% y -\i. u xy + m y -2hy)i)~ + ~u y i>~ + hip~ = (3.16) 

From the compatibility condition of the equations of the Lax pair among themselves and with 
equation (2) we have the condition 

h t + hh y = (3.17) 
which means that the problem is non-isospectral. 

4. Darboux Transformations 

As far as u' and to' are also solutions of (2), we can define a new singular manifold 0' for them by 
means of two eigenfunctions ip' + and ip'~ with eigenvalue 1%2 as: 

^ = V'V", ^ = <V--^' + ^r (4.18) 

where and ip'~ must satisfy the Lax pair for u' with spectral parameter /12 . We can now consider 
the Lax pair itself as a system of coupled nonlinear equations in u', m', ip' + and [|| and hence 
we can expand the fields and eigenfunctions in the Painleve series 

n ' = u+ 2^i£, m , = m + ^iy (419) 
01 01 

V/+ = ^ + -^, i>"=^-^- (4.20) 

01 01 

0' = 02 + — (4.21) 

01 

where tpf and tp^ are eigenfunctions of u and m with eigenvalue hi and ij)^ an d "02~ are eigenfunctions 
with eigenvalue h<i satisfying the Lax pair for u. 
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Substitution of the truncated expansions in the Lax pair for and i// yields (we have used 
MapleV to handle the calculation): 

Q+ = ^+^, n+ = n + (h 1 -h 2 )+i;+ x ^-i;+^ x (4.22) 

n- = ^ + v 2 ~ n~ = n-(h 2 - M + ^2 - V^ 2 " (4.23) 

and from the substitution of (21) in (18) we have 

A = -O+fi- (4.24) 

The set of equations (19)-(21) with J7 + and f2~ given by (22)- (23), constitutes a transformation of 
eigenfunctions and potentials that leaves invariant the Lax pair and hence it can be considered a 
Darboux transformation ||]. 

5. Hirota's r-function 

Hirota's bilinear method is a tool used in many references to obtain multisolitonic solutions for 
nonlinear PDE's. N-soliton solutions of (2) have been constructed with this method in []13; ]. In 
this section we shall build the r-functions of Hirota's method through the iteration of the singular 
manifold. Using equation (21) 

n+n~ 

<P = — - 5.25 

which defines a singular manifold for m', we can use such manifold in order to construct an iterated 
solution 

u" = u ' + % (5.26) 

9 

Substituting equation (5) for u' in (26) we have: 

u " = u + ^£ (5.27) 

T 

where 

r = tffa = fafa - n + n~ (5.28) 

is Hirota's r-function 0. 

6. Solutions 

In this section we shall obtain the one and two soliton solutions of equation (2) using the results of 
the previous sections. We start from the seminal solutions 



u = m = 



(6.29) 
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In this case, and restricting ourselves to the case when hi and /12 are constants, non-trivial simple 
solutions of the Lax pair are: 



ipl = exp 



tp i = exp 



<v r + 7 ! .v - 1 °7 2 + ) / 



(6.30) 



(6.31) 



where i = 1, 2 and af , a i , and are constants related with the spectral parameter and among 
themselves by 

(6.32) 
(6.33) 



h = a~ 2 + (3~ = af 2 - $ 



Integration of (14) yields 



Ci 



olJ + a s 



[l + Fi 



where 



Fi = exp (af + a')x + (/?+ + P~)y - (3+af 2 + ^ a~ 2 + 



pr 2 - 



(6.34) 



Integrating (22) and (23) we have: 

n+ = 1 (d+ + v^r) 

01X + a, v y 



a7 + a 



^— u- + ^+v 2 ) 

-4- it„ V / 



where d + and d are arbitrary constants. 

• One soliton solution The first iteration provides the solution 

u x = 2d xx []n.(j>i\ 

with (pi given by (33). It corresponds with one line soliton. 

• Two soliton solution From the second iteration we have: 



u" = 2d xx [mr] 



with 

Fi is given by (34) and 



cic 2 



A 



(af + a 1 )(af + a 2 ) 

(«2 - a f)( a 2 ~ a l 



— (1 + Fi + F 2 + A12F1F2) 



12 



(af + a x )(af + a 2 ) 



(6.35) 



(6.36) 



(6.37) 
(6.38) 

(6.39) 



Equation (38) represents the interaction of two line solitons. When af = af or a 2 = a 1 , the 
interaction term A12 vanishes and this special case is termed the resonant state B. 



Darboux transformations for a Bogoyavlenskii equation in 2 + 1 dimensions 



7 



References 

Bogoyavlenskii O.I., Math. USSR. Izv. 34, 245, (1990). 
Conte R., Musette M. and Pickering A., J. Phys. A 27, 2831-2836, (1994). 
Estevez P.G., Conde-Calvo E. and Gordoa P.R., Jour. Nonlinear Math. Phys. 5, 82-114, (1998). 
Estevez P.G. and Gordoa P.R., Inverse Problems 13, 939-957, (1997). 

Estevez P.G., Gordoa P.R., Martinez- Alonso L. and Medina-Reus E., J. Phys A 26, 1915-1925, 
(1993). 

Estevez P.G. and Leble S.B., Inverse Probl. 11, 925-937, (1995). 
Hirota R., J. Phys. Soc. Jap. 54, 2409-2415, (1985). 
Konopelchenko B.G. and Stramp W., J Math. Phys. 24, 40-49, (1991). 

Matveev V.B. and Salle M.A., "Darboux transformations and solitons", Springer Series in Non- 
linear Dynamics, Springer- Verlag, (1991). 

Weiss J., Tabor M. and Carnevale G., J. Math. Phys 24, 522-526, (1983). 
Weiss J., J. Math. Phys. 24, 1405-1413, (1983). 
S-J. Yu, Toda K. and Fukuyama T., ^olv-int/980200^ , (1998). 
S-J. Yu, Toda K. and Fukuyama T., fcolv-int/9803012| , (1998). 
J. A. Zagrodzinski, private communication 



